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1. Introduction
In [7] it is mentioned that the uniform covers of a quasi-uniform space are not suﬃcient to characterize the given quasi-
uniformity. What is less well known is that the uniform paircovers of a quasi-uniform space do indeed characterize the
quasi-uniformity. (See [17].)
In his book [20], Isbell, in discussing the use of covers and entourages, says “. . . in this book each system is used where
it is most convenient, with the result that Tukey’s system of uniform coverings is used nine-tenths of the time”. In contrast,
the literature reveals that, in quasi-uniform spaces, the entourage approach is used almost exclusively. (See [12,22,23].)
On the other hand, in the point-free setting (frames or locales, biframes), the theory of quasi-uniformities was broached
using the paircover approach [13,15]; later [11,9] introduced an entourage-like approach and ﬁnally the so-called Weil
uniformities of [19,26,27,29] provided the direct analogue of entourages.
In this paper we exploit again the paircover approach to quasi-uniformities in the point-free setting of biframes. Our
aims are two-fold. First we investigate the relationship between proximity and uniform structures on a biframe. Next, after
a simple characterization of compact biframes in terms of paircovers, we construct a Samuel compactiﬁcation for quasi-
uniform biframes and exhibit its universal property. We do so without using the existence of a completion.
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tion, thought of as a reﬂection to the compact uniform spaces, has seen widespread use, and has been extended to different
settings. See, for example, [18,6,24,5,28,37,1].
The Samuel compactiﬁcation of a uniform frame is constructed in [4], using uniform covers. The authors then form the
completion of a uniform frame using a quotient of this compactiﬁcation. By contrast, in [16] a Samuel compactiﬁcation of
a quasi-uniform frame is formed by taking the completion of its totally bounded coreﬂection. In that paper, the universal
properties of the compactiﬁcation are not investigated. For a discussion of the differences between compactiﬁcations of
frames and biframes, see [32,34].
2. Preliminaries
2.1. Frames and biframes
We have used [30] as a useful reference for frames; see also [21,36]. All the biframe notions in Deﬁnition 2.1 appear in
the literature: see [3,32,33,2].
Deﬁnition 2.1.
1. A frame L is a complete lattice in which the distributive law
x∧
∨
{y: y ∈ Y } =
∨
{x∧ y: y ∈ Y }
holds for all x ∈ L, Y ⊆ L. A frame map is a set function between frames which preserves ﬁnite meets and arbitrary joins,
and thus also the top (denoted 1) and the bottom (denoted 0) of the frame.
2. For a frame L, C ⊆ L is a cover of L if ∨C = 1.
3. (a) A biframe L is a triple L = (L0, L1, L2) in which L0 is a frame, L1 and L2 are subframes of L0, and L1 ∪ L2 generates
L0 (by joins of ﬁnite meets). We call L0 the total part, L1 the ﬁrst part and L2 the second part of the biframe L.
(b) A biframe map h : L → M is a frame map from L0 to M0 such that the image of Li under h is contained in Mi
for i = 1,2. We call the restriction h|L0 the total part of the map h and h|L1 and h|L2 its ﬁrst and second parts,
respectively.
(c) BiFrm is the category of biframes and biframe maps.
4. A biframe map h : L → M is dense if its total part is a dense frame map, i.e. a = 0 whenever h(a) = 0, for any a ∈ L0.
5. A biframe map h is onto if its ﬁrst and second parts are onto.
6. If L is a biframe and x ∈ Li (i = 1,2), we denote by x• the largest y ∈ Lk (k = 1,2, k = i) for which x ∧ y = 0; that is,
x• =∨{z ∈ Lk | z∧ x = 0}. We refer to this as the biframe pseudocomplement. We always have x∧ x• = 0, but x∨ x• need
not equal 1. Note that, if x ∈ L1, then x• ∈ L2; if x ∈ L2 then x• ∈ L1.
7. A biframe L is regular if each x ∈ Li (i = 1,2) can be expressed as a join x =∨{y ∈ Li | y ≺i x} where y ≺i x means that
there exists c ∈ Lk (k = 1,2, k = i) such that y ∧ c = 0 and x∨ c = 1. Equivalently, y ≺i x means that y• ∨ x = 1.
8. A biframe is compact if its total part is a compact frame, that is, whenever an arbitrary join is the top element, a ﬁnite
subjoin is already equal to the top.
9. The category of compact regular biframes and biframe maps is denoted by CptRegBiFrm.
10. A compactiﬁcation of a biframe L is a dense, onto biframe map h : M → L from a compact, regular biframe M to L.
2.2. Paircovers and quasi-uniformities
We now present the basic deﬁnitions for paircovers in biframes.
Deﬁnition 2.2. Let L = (L0, L1, L2) be a biframe.
1. C ⊆ L1 × L2 is a paircover of L if ∨{c ∧ c˜: (c, c˜) ∈ C} = 1.
2. A paircover C of L is strong if, for any (c, c˜) ∈ C , whenever c ∧ c˜ = 0 then c ∨ c˜ = 0, that is, (c, c˜) = (0,0).
3. For any paircovers, C and D of L we write C  D if for any (c, c˜) ∈ C there is (d, d˜) ∈ D with c  d and c˜  d˜. We then
say C reﬁnes D . We also set C ∧ D = {(c ∧ d, c˜ ∧ d˜): (c, c˜) ∈ C, (d, d˜) ∈ D}. It is clear that C ∧ D is a paircover of L.
4. For a ∈ L0 and C, D paircovers of L, we set C1a =∨{c: (c, c˜) ∈ C and c˜ ∧ a = 0} and C2a =∨{c˜: (c, c˜) ∈ C and c ∧ a = 0}.
We set CD = {(C1d,C2d˜): (d, d˜) ∈ D}. We say C star-reﬁnes D if CC  D and write C ∗ D .
The following lemma is easy to prove.
Lemma 2.3. For C, D paircovers of L = (L0, L1, L2) and a ∈ L0 we have:
1. a Cia (i = 1,2).
2. If D ∗ C then DiDia Cia (i = 1,2).
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Deﬁnition 2.4. Let L = (L0, L1, L2) be a biframe.
1. A non-empty family, U , of paircovers of L is a quasi-uniformity on L if
(a) The family of strong members of U is a ﬁlter-base for U with respect to ∧ and  (Filter condition).
(b) For any C ∈ U there is D ∈ U such that D ∗ C (Star-reﬁnement condition).
(c) For each x ∈ Li , x =∨{y ∈ Li: for some C ∈ U , Ci y  x}, (i = 1,2) (Compatibility condition).
2. The pair (L, U) is called a quasi-uniform biframe. Members of U will be referred to as uniform paircovers.
3. B ⊆ U is a base for U if, for each C ∈ U , there is B ∈ B with B  C .
4. Let (L, U) and (M, V) be quasi-uniform biframes. A biframe map f : L → M is uniform if for every C ∈ U , f [C] ∈ V ,
where f [C] = {( f (c), f (c˜)): (c, c˜) ∈ C}.
5. Quasi-uniform biframes and uniform maps are the objects and arrows of the category QunBiFrm.
The reader unfamiliar with the paircover approach to quasi-uniform spaces can consult [17]. The need for strong pair-
covers (called strong conjugate covers) is discussed there. We will see their importance in other situations in this paper.
2.3. Strong inclusions and proximal biframes
Recall that a proximity space can be described in terms of a “nearness relation” (proximity) or, equivalently, in terms
of an “inclusion relation” (strong inclusion). (See [25].) In what follows, we choose the inclusion relation approach in the
biframe setting.
Deﬁnition 2.5. ([13,32]) A strong inclusion on a biframe L is a pair = (1,2) of relations on L1 and L2 respectively such
that (for i = 1,2),
(SI1) w  xi y  z implies that w i z.
(SI2) i is a sublattice of Li × Li .
(SI3) xi y implies that x≺i y.
(SI4) xi z implies that there exists y ∈ Li with xi y i z.
(SI5) If xi y then y• k x• for k = 1,2 and k = i.
(SI6) x =∨{y: y i x} for all x ∈ Li .
We write (a,b) (c,d) to mean a1 c and b2 d.
Deﬁnition 2.6. A pair (L,) where  is a strong inclusion on the biframe L will be called a proximal biframe. Let (L,L) and
(M,M) be proximal biframes; a biframe map f : L → M is said to preserve the strong inclusion if aLi b ⇒ f (a)Mi f (b)
for i = 1,2. We will denote the category whose objects are proximal biframes and whose maps are the strong inclusion
preserving maps by ProxBiFrm.
Note that the condition (SI3) guarantees that, for a proximal biframe (L,), L is a regular biframe.
Proximal biframes are called “quasi-proximal frames” in [13]. We prefer the term “proximal” here, because our deﬁnition
includes symmetry (SI5) and admissibility (SI6), in contrast to the notion of “quasi-proximity on a frame” used in [10].
3. Proximal and quasi-uniform biframes
In this section we explain the connection between proximal biframes and quasi-uniform biframes; we also provide
functors between the two categories.
The corresponding connections for uniform and proximal spaces and frames are well known; see [14,25,35,8]. The meth-
ods of proof in this paper are somewhat different; the interested reader will note that rather elegant proofs can be obtained
using our methods in the frame case as well. In particular, the use of paircovers rather than entourages seems to contribute
to the simplicity of the proof.
We should mention that there are various equivalent notions of total boundedness for quasi-uniform biframes. The link
between these and proximal biframes will be explored by the authors in a forthcoming paper.
We now see how to use a quasi-uniformity on a biframe to induce (functorially) a strong inclusion on the same biframe.
Deﬁne a functor P : QunBiFrm → ProxBiFrm as follows:
For (L, UL) ∈ QunBiFrm, let P (L, UL) = (L,L) (= (L,) for brevity) where ai b iff Cia  b for some C ∈ UL (i = 1,2).
We refer to L as the strong inclusion induced by UL .
For f : (L, UL) → (M, UM) a uniform map, let P f : (L,L) → (M,M) have the same underlying map as f .
We check that P (L, UL) ∈ ProxBiFrm: (SI1), (SI2) are straightforward.
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x• ∨ y  x• ∨ C1x =
∨
{z ∈ L2: z ∧ x = 0} ∨
∨{
k: (k, k˜) ∈ C, k˜ ∧ x = 0}

∨{
k ∧ k˜: (k, k˜) ∈ C, k˜ ∧ x = 0}∨
∨{
k ∧ k˜: (k, k˜) ∈ C, k˜ ∧ x = 0}
=
∨{
k ∧ k˜: (k, k˜) ∈ C}= 1.
For (SI4) suppose that xi y, that is, Cix y for some C ∈ UL . If D ∗ C for some D ∈ UL , then
x Dix Di(Dix) Cix y
so xi Dixi y.
For (SI5) suppose that C1x y for some C ∈ UL . If (k, k˜) ∈ C , then k∧ y• = 0 ⇒ k  y ⇒ k˜∧ x = 0 ⇒ k˜ x• , so C2 y•  x• .
(SI6) is just the compatibility criterion for quasi-uniform biframes.
We check that P f is a morphism in ProxBiFrm, that is, that it preserves the strong inclusion relation: if Cix  y for
some C ∈ UL then f [C]i f (x) f (y) and f [C] ∈ UM .
The following theorem allows us to construct a functor in the other direction from ProxBiFrm to QunBiFrm.
Theorem 3.1. Let L = (L0, L1, L2) be a biframe and = (1,2) a strong inclusion on L. There exists a quasi-uniformity on L which
induces the strong inclusion .
Proof. Let B be the collection of all ﬁnite paircovers
C = {(c1, c˜1), (c2, c˜2), . . . , (cn, c˜n)
}
such that there exists a ﬁnite paircover
WC =
{
(w1, w˜1), (w2, w˜2), . . . , (wn, w˜n)
}
of L such that (w j, w˜ j) (c j, c˜ j) for j = 1,2, . . . ,n. We claim that B forms a base for a quasi-uniformity U .
Note that if C ∈ B then {(c, c˜) ∈ C: c ∧ c˜ = 0} ∈ B so there will be enough strong paircovers.
B is closed under ﬁnite meets: (u, u˜) (c, c˜) and (v, v˜) (d, d˜) implies (u ∧ v, u˜ ∧ v˜) (c ∧ d, c˜ ∧ d˜).
Compatibility: consider x 1 a and take x 1 s 1 t 1 a with x, s, t,a ∈ L1. Then C = {(a,1), (1, x•)} ∈ B since D =
{(t,1), (1, s•)} is a paircover of L with (t,1) (a,1) and (1, s•) (1, x•). Note that C1x a.
Since, for each a ∈ L1, a =∨{x ∈ L1: x1 a}, we also now have that a =∨{x ∈ L1: for some C ∈ U , C1x a}. The argu-
ment for a ∈ L2 is similar.
Star-reﬁnement condition: start with C = {(c1, c˜1), (c2, c˜2), . . . , (cn, c˜n)} ∈ B and WC = {(w1, w˜1), (w2, w˜2), . . . , (wn, w˜n)}
satisfying (w j, w˜ j) (c j, c˜ j) for j = 1, . . . ,n. For each j, ﬁnd d j ∈ L1 and d˜ j ∈ L2 with w j 1 d j 1 c j and w˜ j 2 d˜ j 2 c˜ j .
Let D = {(d1, d˜1), (d2, d˜2), . . . , (dn, d˜n)} and for each j, let D j = {(c j,1), (1,d•j )} and D˜ j = {(1, c˜ j), (d˜•j ,1)}. Then D and each
D j, D˜ j is a member of B. Finally, let F = D ∧ D1 ∧ D˜1 ∧ · · · ∧ Dn ∧ D˜n . We show that F ∗ C .
A typical pair in F has the form
(d j ∧ z1 ∧ w1 ∧ · · · ∧ zn ∧ wn, d˜ j ∧ z˜1 ∧ w˜1 ∧ · · · ∧ z˜n ∧ w˜n)
where
(z j, z˜ j) ∈ D j, (w j, w˜ j) ∈ D˜ j, j = 1 . . .n.
For any j,
F1(d j ∧ z1 ∧ w1 ∧ · · · ∧ zn ∧ wn) D j1(d j ∧ z1 ∧ w1 ∧ · · · ∧ zn ∧ wn) D j1(d j ∧ z j) c j
and similarly F2(d˜ j ∧ z˜1 ∧ w˜1 ∧ · · · ∧ z˜n ∧ w˜n) c˜ j .
For brevity denote the strong inclusion induced by U by . We show that  =. We have already seen that if a 1 b
then C = {(b,1), (1,a•)} ∈ B and then C1a b, so a1 b. Similarly a2 b ⇒ a2 b. Suppose now that a1 b. Then there is
C = {(c1, c˜1), (c2, c˜2), . . . , (cn, c˜n)} ∈ B with its associated ﬁnite WC = {(w1, w˜1), (w2, w˜2), . . . , (wn, w˜n)} such that C1a b.
Then
a (WC )1a =
∨{
w j: (w j, w˜ j) ∈ WC and w˜ j ∧ a = 0
}1∨{c j: (w j, w˜ j) ∈ WC and w˜ j ∧ a = 0} C1a b.
Similarly a2 b ⇒ a2 b, so = as claimed. 
2120 J. Frith, A. Schauerte / Topology and its Applications 156 (2009) 2116–2122We ﬁnally deﬁne a functor U : ProxBiFrm → QunBiFrm as follows:
For (L,) in ProxBiFrm, let U (L,) = (L, U) where U is the quasi-uniformity constructed in Theorem 3.1. For
f : (L,L) → (M,M) a morphism in ProxBiFrm, let U f : (L, UL ) → (M, UM ) have the same underlying map as f .
We check that U f is a morphism in QunBiFrm: Suppose D ∈ UL . There exist paircovers C = {(c1, c˜1), (c2, c˜2), . . . ,
(cn, c˜n)} and WC = {(w1, w˜1), (w2, w˜2), . . . , (wn, w˜n)} of L such that (w j, w˜ j)L (c j, c˜ j) for j = 1, . . . ,n and C  D . Then
( f (w j), f (w˜ j))M ( f (c j), f (c˜ j)), which gives f [D] ∈ UM as needed.
Notice that P is a left inverse of U , that is, PU = idProxBiFrm .
4. Compactness
We now characterize compactness for biframes in terms of paircovers. We then establish results needed to view CptReg-
BiFrm as a full subcategory of QunBiFrm.
Lemma 4.1. A biframe L is compact iff every paircover of L has a ﬁnite sub-paircover.
Proof. Suppose that C is a paircover of L. Now use the fact that
∨{c ∧ c˜: (c, c˜) ∈ C} = 1 and the compactness of the total
part L0 to ﬁnd a ﬁnite sub-paircover of C .
Conversely, let D = {dβ : β ∈ B} be a cover of L0. Use the fact that each dβ can be expressed as a join of meets of
elements from L1 and L2 to construct a paircover of L. The fact that this has a ﬁnite sub-paircover leads to the compactness
of L0. 
Lemma 4.2. Every compact regular biframe has a unique strong inclusion, namely the rather below relation (≺1,≺2).
Proof. It is straightforward to check that (≺1,≺2) is a strong inclusion on a compact regular biframe. (See [32].) To show
uniqueness, suppose that (1,2) is a strong inclusion on L and that x ≺i y for some x, y ∈ Li (i = 1,2). Then x ≺i y =∨
zi y z, so x• ∨
∨
zi y z = 1. Compactness gives a ﬁnite subjoin x• ∨ (z1 ∨· · ·∨ zn) = 1. Then x ≺i z1 ∨· · ·∨ zni y, so xi y.
This is suﬃcient to show that (1,2) = (≺1,≺2). 
Theorem 4.3. Every compact regular biframe has a unique compatible quasi-uniformity.
Proof. We have already seen that every compact regular biframe has a strong inclusion (by Lemma 4.2) and hence a
compatible quasi-uniformity (by Theorem 3.1). It remains to prove uniqueness.
Let U be a quasi-uniformity on the compact regular biframe L. We show that any ﬁnite paircover is uniform. Then every
paircover is uniform, since by compactness any paircover is reﬁned by a ﬁnite paircover. This gives us uniqueness of U .
So let C be a ﬁnite paircover of L. Let (1,2) be the unique strong inclusion on L which of course is induced by the
quasi-uniformity U . Now set Z = {(z, z˜): z 1 c and z˜ 2 c˜ for some (c, c˜) ∈ C}. Z is easily seen to be a paircover of L; by
compactness it has a ﬁnite sub-paircover, F = {(z1, z˜1), (z2, z˜2), . . . , (zn, z˜n)}. Now for each j = 1, . . . ,n there is (c j, c˜ j) ∈ C
such that z j 1 c j and z˜ j 2 c˜ j . Since z j 1 c j there is A j ∈ U with A j1z j  c j . Similarly there is B j ∈ U with B j2 z˜ j  c˜ j .
Let D ∈ U be a strong common reﬁnement of the paircovers A1, A2, . . . , An, B1, B2, . . . , Bn . We claim that D  C , and then,
since D ∈ U , we have C ∈ U as needed.
To see this, let (d, d˜) ∈ D with d ∧ d˜ = 0. There is j = 1,2, . . . ,n such that (d ∧ d˜) ∧ (z j ∧ z˜ j) = 0 since F is a paircover.
Then d ∧ z˜ j = 0 and d˜ ∧ z j = 0, which implies that d  D1z j  c j and d˜  D2 z˜ j  c˜ j . So (d, d˜) (c j, c˜ j) as we needed. On
the other hand, if d ∧ d˜ = 0, then (d, d˜) = (0,0) since D is strong, and trivially (d, d˜) (c, c˜) for any (c, c˜) ∈ C . 
Note that if f : L → M is a biframe map between compact regular biframes and UL, UM are the unique quasi-uniformities
on L and M respectively, then f : (L, UL) → (M, UM) is uniform. We can therefore regard CptRegBiFrm as a full subcategory
of QunBiFrm.
5. The Samuel compactiﬁcation
In [32], it was shown that a biframe has a strong inclusion if and only if it has a compactiﬁcation. We recall here the
method of constructing a compactiﬁcation from a strong inclusion and will use it to construct a functor from proximal
biframes to the compact regular biframes.
The ideal biframe, J L, of a biframe L is J L = (J0, J1, J2) where Ji (i = 1,2) consists of those ideals J of L0 generated
by J ∩ Li , and J0 is the subframe of the frame of all ideals of L0 which is generated by J1 ∪ J2.
If h : L → M is a biframe map, J h : J L → J M is given by J h( J ) being the ideal generated by the image h( J ). Since h
preserves ﬁrst and second parts, so does J h.
Now let L be a biframe with a strong inclusion . Call an ideal J in Ji (i = 1,2) strongly regular if x ∈ J ∩ Li implies that
there is y ∈ J ∩ Li with xi y. Let Ri consist of these strongly regular ideals, and let R0 be the subframe of the frame of all
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provides the required compactiﬁcation of L. For the proofs of these facts, see [32].
We can now deﬁne a functor R : ProxBiFrm → CptRegBiFrm as follows: For (L,) in ProxBiFrm, let R(L,) = RL.
For h : (L,) → (M,) in ProxBiFrm, let Rh : RL → RM be the restriction of J h to RL. We check that, if J ∈ (RL)i
(i = 1,2) then J h( J ) ∈ (RM)i : if a ∈ J h( J ), then a  h(x) for some x ∈ J ∩ Li , so there exists y ∈ J ∩ Li with xi y. So
a h(x)i h(y), as required.
Deﬁnition 5.1. Let S : QunBiFrm → CptRegBiFrm be the composite S = RP .
Lemma 5.2. For any quasi-uniform biframe (L, U), the join map
∨
: S(L, U) → (L, U)
is uniform.
Proof. Let C = {( J1, J˜1), ( J2, J˜2), . . . , ( Jn, J˜n)} be a ﬁnite (and thus basic) uniform paircover of S(L, U). We have then that
( J1 ∧ J˜1) ∨ · · · ∨ ( Jn ∧ J˜n) = L0. We show that C = {(∨ J1,∨ J˜1), . . . , (∨ Jn,∨ J˜n)} ∈ U .
For j = 1, . . . ,n take a j ∈ J j , a˜ j ∈ J˜ j such that (a1 ∧ a˜1) ∨ · · · ∨ (an ∧ a˜n) = 1. Using the deﬁnition of strongly regular
ideals, obtain b j ∈ J j , b˜ j ∈ J˜ j such that a j 1 b j and a˜ j 2 b˜ j . Take a strong paircover D ∈ U such that D1a j  b j and
D2a˜ j  b˜ j for all j. Then D1a j 
∨
J j and D2a˜ j 
∨
J˜ j for all j.
We show that D  C which proves that C ∈ U . To this end, take (d, d˜) ∈ D . If d ∧ d˜ = 0 then (d, d˜) = (0,0) and so






Note that the join map,
∨
L , viewed as an underlying biframe map gives a compactiﬁcation of L. We call the map∨
L : S(L, U) → (L, U) the Samuel compactiﬁcation of (L, U). This is justiﬁed by the next theorem.




: S(L, U) → (L, U).
Proof. Let (L, U) and (M, V) be quasi-uniform biframes, with M a compact regular biframe, and h : (M, V) → (L, U) a uni-











L ◦Sh = h◦
∨
M since h preserves joins. The join map
∨
M restricted to the total parts is a frame compactiﬁcation,
since any biframe compactiﬁcation gives a compactiﬁcation on the total part. Hence
∨
M a frame isomorphism. Also,
∨
M is
onto on ﬁrst and second parts, so
∨
M is a biframe isomorphism.


















L is dense, because
∨
L J = 0 implies that J = {0}. Now a regular biframe has a regular total part (see
[3]) and a dense map is left-cancellable in the category of regular frames (see [30]). This fact applies here, since (L, U) is
a quasi-uniform biframe, so (L,U ) is a proximal biframe and so L is a regular biframe. This all goes to show that k is
unique. 
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